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Abstract: We study the transverse momentum (QT ) distribution of an electro-weak vector boson
produced via the Drell-Yan mechanism, in the context of joint resummation. This formalism allows
for the simultaneous resummation of logarithmic contributions that are enhanced at small QT and at
partonic threshold. We extend joint resummation to next-to-next-to leading logarithmic accuracy and
we present resummed and matched results for three different phenomenological setups. In particular,
we study the production of a Z boson at the Tevatron and at the Large Hadron Collider (LHC), as well
as the production of a heavier Z ′ at the LHC. We compare our findings to standard QT resummation,
as well as to fixed-order perturbation theory. We find that joint resummation provides a moderate (but
not flat) correction with respect to QT resummation and it leads to a reduction of the scale dependence
of the results. However, our study also shows some limitations of this formalism. While the use of
joint resummation for Z production at the Tevatron and Z ′ production at the LHC appears to be
justified, our implementation suffers from a stronger dependence on power corrections for processes
which are further away from threshold, such as Z production at the LHC, for which we cannot claim
an improvement over standard QT resummation.
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1 Introduction
Last year the CERN Large Hadron Collider (LHC) started its second run of operation colliding protons
at 13 TeV. While convincing hints of new physics are still eluding the experiments, one of the main
goals of Run II remains precision physics near the electro-weak scale. These analyses are performed
with an increasing amount of data, making accurate theoretical predictions for differential distribu-
tions more relevant than ever. One of the most extensively studied distributions at hadron colliders
is the transverse momentum (QT ) spectrum of electro-weak bosons produced via the Drell-Yan (DY)
mechanism [1–15]. Studies of QT spectra and related angular correlations of DY lepton pairs provide
a useful testing ground for an even more interesting Higgs and new physics program. Remarkably, the
accuracy of LHC measurements in the context of electro-weak boson distributions has now reached the
percent level [13–15]. Consequently, substantial effort has been recently put by the theory community
in order to shrink the uncertainty affecting theoretical predictions. High-precision fixed-order calcula-
tions, which have been recently performed to next-to-next-to-leading order (NNLO) accuracy [16–21],
can be employed to describe the moderate-to-large region of the QT spectrum. However, the small
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transverse momentum region is dominated by the emission of soft and collinear partons, and it is
characterized by the presence of large logarithms of QT /Q, where Q is the invariant mass of the final
state, which need to be resummed. Thus, reliable predictions across a vast range of QT values can be
obtained by matching fixed-order and resummed predictions.
While providing an all-order prediction for the shape of transverse momentum spectrum, QT
resummation carries very little information about its normalization, beyond the fixed-order that it
is matched to. On the other hand, the determination of inclusive cross sections can be improved
beyond fixed order by including threshold resummation. Partonic coefficient functions contain plus
distributions which exhibit logarithmic enhancement in the variable z = 1−Q2/sˆ where sˆ = x1x2s is
the partonic center of mass energy squared. Even though the collision energy of the protons is much
larger than the electro-weak scale, these contributions can still be large because parton distribution
functions (PDFs) at large Q2 preferentially sample the region of low momentum fractions x1 and x2.
Transverse momentum and threshold logarithms originate from the emission of soft gluons. There-
fore, it is natural to look for a framework that allows for a consistent resummation of both. The general
formalism to perform this joint resummation was derived some time ago [22, 23] and explicitly worked
out to next-to-leading logarithmic (NLL) accuracy in both variables. It was then applied to a number
of phenomenological studies including prompt photon [23], Drell-Yan [24], Higgs [25], top pair [26]
and electro-weak supersymmetric particle [27, 28] production. Moreover, the universality properties
of transverse momentum and threshold resummation have been extensively discussed in Ref. [29].
However, despite the fact that both threshold and QT resummation are known to at least NNLL, the
application of this method has not yet been extended to higher logarithmic accuracy. We also note
that recent progress has also been made in describing joint resummation in the context of the Soft-
Collinear-Effective Theory (SCET) [30, 31]. In addition, threshold resummation has been included
into a parton shower, which also allows the description of the small transverse momentum region [32].
In this paper we concentrate on the case of vector boson production via the DY mechanism
and we extend the study of Ref. [24] to NNLL accuracy. This paper is organized as follows. We
begin in Section 2 with a brief overview of threshold and QT resummations. We then describe joint
resummation in Section 3, first reviewing the NLL case and then extending it to NNLL accuracy.
Next, in Section 5 we present our numerical results together with a study of the reliability of the
approximations employed in our implementation of joint resummation, before concluding in Section 6.
More technical details are collected in the Appendices.
2 A recap of transverse momentum and threshold resummations
In this section we provide a brief overview of threshold and transverse-momentum resummations. In
addition, the all-order results will be written in a way that allows for a comparison between the two
which eases their generalization to joint resummation.
2.1 Threshold resummation
Threshold resummation was originally introduced at the end of the 1980s [33, 34]. After that it was
extended to NNLL accuracy [35, 36], and even to N3LL accuracy, e.g. [37–44] for electro-weak final
states. Moreover, the resummation of large threshold logarithms has also been formulated using SCET,
see e.g. [45].
In this study we concentrate on the production of a (neutral) vector boson F and we are interested
in resumming logarithms of 1 − Q2/sˆ, where √sˆ is the partonic center-of-mass energy and Q is the
vector boson invariant mass. Threshold resummation is usually performed in Mellin space, where the
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threshold limit corresponds to N →∞ and large logarithms of 1−Q2/sˆ are mapped into logarithms
of N . The cross section can be written as
σF (s,Q
2) =
∑
a
σ
(0)
aa¯→F
∫
CT
dN
2pii
(
Q2
s
)−N+1
f˜a/h1(N,µ
2
F) f˜a¯/h2(N,µ
2
F)
×Gaa¯(N,αs(µR), Q2/µ2R, Q2/µ2F), (2.1)
where σ(0)aa¯→F is the lowest order cross section for the partonic process aa¯ → F and the parton
densities are indicated by fa/h(x, µ2). We have also introduced the renormalization scale µR and the
factorization scale µF, while CT indicates the contour for the inverse Mellin transform. At leading
power, threshold resummation does not receive any contribution from initial-state off-diagonal flavor
components, therefore the only partonic subprocess that contributes is aa¯. The function Gaa¯ is given
by
Gaa¯(N,αs(µR), Q
2/µ2R, Q
2/µ2F) = Caa¯(αs(µR), Q2/µ2R, Q2/µ2F) exp
[Gthr(N,αs(µR), Q2/µ2R, Q2/µ2F)],
(2.2)
where we have introduced the Sudakov exponent [36]
Gthr(N,αs(µR), Q2/µ2R, Q2/µ2F) =−
∫ 1
N0/N
dy
y
[
2
∫ y2Q2
µ2F
dq2
q2
Aa(αs(q)) + D˜a(αs(yQ))
]
=
∫ Q2
Q2/N¯2
dq2
q2
[
2Aa(αs(q)) log
(
N¯q
Q
)
− 1
2
D˜a(αs(q))
]
− 2 log N¯
∫ Q2
µ2F
dq2
q2
Aa(αs(q)), (2.3)
with N¯ = N/N0 = NeγE . The functions A, D˜ and C admit a perturbative expansion in the strong
coupling
Aa(αs) =
∞∑
n=1
(αs
pi
)n
A(n)a , D˜a(αs) =
∞∑
n=2
(αs
pi
)n
D˜(n)a , (2.4)
Caa¯(αs) = 1 +
∞∑
n=1
(αs
pi
)n
C(n)aa¯ . (2.5)
The function Aa is the cusp anomalous dimension, D˜a accounts for soft emissions at large angle, while
Caa¯ takes into account the virtual corrections. Explicit expressions are collected in Appendix A. The
perturbative order at which the above coefficients are included determines the logarithmic accuracy
of the result. Throughout this paper we adopt a logarithmic counting in the exponent G. Therefore,
NkLL accuracy is achieved if Aa is included up to (and included) O
(
αk+1s
)
, D˜a up to O
(
αks
)
and Ca
up to O(αk−1s ). Moreover, the accuracy can be promoted to NkLL′ if also the O(αks) contribution to
Ca is included. We keep the same convention for QT and joint resummation.
While in this paper we concentrate on NNLL accuracy, these coefficients have actually been
computed to high-enough accuracy to achieve N3LL′ accuracy, with the exception of the four-loop
contribution to the cusp. They can be found in [34–37, 46–50]. Moreover, in order to achieve the
desired logarithmic accuracy, the integrals over the QCD running coupling αs(q) must be performed
with the β function at the appropriate perturbative order.
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2.2 QT resummation
Since the original paper on QT resummation [51] a lot of effort has gone into further improving the
accuracy of theoretical predictions in order to perform meaningful comparisons to experimental results.
Resummed results at NNLL′ matched to NLO have been available for quite some time, see e.g. [52–57].
The resummation of small QT logarithms has also been formulated in the context of SCET [58–67].
In addition, several computer codes have been developed for QT resummation at this accuracy in the
case of neutral boson production, e.g. [68–74]. Recently, the calculation of the NNLO corrections to
the QT distribution of neutral boson production processes has been completed [16–21], and N3LL
precision is within reach [75].
QT resummation is usually performed in Fourier space with b being the variable conjugate to the
transverse momentum QT . In this conjugate space the small QT limit corresponds to the large b limit.
The resummed transverse momentum distribution of an electroweak final state F can be written as
dσF
dQ2T
=
Q2
s
∫ ∞
0
db
b
2
J0(bQT )W
F (b,Q, s). (2.6)
The goal of this study is to understand the similarities in the structure of QT and threshold resum-
mation in order to combine these two methods of resummation. It is easier to understand the overlap
and differences between the two if we transform the expression for QT resummation into Mellin space
with respect to z = Q2/s:
W˜F (N, b,Q) =
∫ 1
0
dz zN−1 WF (b,Q, s)
=
∑
a
σ
(0)
aa¯→F (αs(Q))H
F
a (αs(Q))Sa(Q, b)
×
∑
c,d
C˜ac(N,αs(Q/b¯))C˜a¯d(N,αs(Q/b¯))f˜c/h1(N,Q
2/b¯2)f˜d/h2(N,Q
2/b¯2) (2.7)
where b¯ = Qb/b0, with b0 = 2e−γE . The function Sa(Q, b) is the Sudakov form factor for particle a
and is given by:1.
Sa(Q, b) = exp
{
−
∫ Q2
Q2/b¯2
dq2
q2
[
Aa(αs(q)) log
Q2
q2
+Ba(αs(q))
]}
(2.8)
The functions A, B, C and HF are given as perturbative series in αs and can be found in [35, 49, 50,
62, 76–80] (see also Appendix A):
Aa(αs) =
∞∑
n=1
(αs
pi
)n
A(n)a , Ba(αs) =
∞∑
n=1
(αs
pi
)n
B(n)a ,
HFa (αs) = 1 +
∞∑
n=1
(αs
pi
)n
HF, (n)a , C˜ac(N,αs) = δac +
∞∑
n=1
(αs
pi
)n
C˜(n)ac (N) (2.9)
The coefficients A(1)a and A
(2)
a are the same as for threshold resummation and they correspond to
the cusp anomalous dimension. However, starting from A(3)a this contribution becomes observable-
dependent, see. e.g [62, 81], and, in particular, it is different for QT and threshold resummations.
Henceforth, we will denote these coefficients with A(3)a, QT and A
(3)
a, thr, respectively.
1Note that a resummation scale µQ is often introduced in the context of QT resummation as a means to estimated
the size of higher-order logarithmic corrections. On the other hand, this kind of variation is not usually considered for
threshold resummation. Therefore, here we fix µQ = Q, while we still allow for renormalization (µR) and factorization
(µF) scale variations.
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Furthermore, in order to facilitate the comparison to threshold resummation we run the PDFs to
the factorization scale µF , we evaluate the coefficient functions Cij at the hard scale of the process
Q and we combine the hard functions, HF , C and σ(0), into one perturbative hard factor. Because
of the non-diagonal nature in flavor space of the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
splitting functions and of the closely related Cab functions, QT resummation requires dealing with
path-ordered exponentials of the anomalous dimension matrix. In order to simplify our discussion,
we consider here only one flavor-diagonal contribution, which is the one that is enhanced at threshold
and we drop all flavor indices. With this simplification, we obtain
W˜F (N, b,Q) = HF (N,Q, αs(µR), Q2/µ2R, Q2/µ2F) f˜a/h1(N,µ2F) f˜a¯/h2(N,µ2F)
× exp{GQT (N,αs(µR), b, Q2/µ2R)}. (2.10)
where the hard-function is now defined by
HF (N,Q, αs(µR), Q2/µ2R, Q2/µ2F) =
σ
(0)
aa¯→F (αs(Q))H
F (αs(Q))
(
C˜(N,αs(Q))
)2
exp
{∫ Q2
µ2F
dq2
q2
2γ(N,αs(q))
}
, (2.11)
and γ(N,αs) is the DGLAP anomalous dimension. Finally the Sudakov exponent is given by
GQT (N,αs(µR), b, Q2/µ2R) = −
∫ Q2
Q2/b¯2
dq2
q2
[
A(αs(q)) log
Q2
q2
+ B˜(N,αs(q))
]
, (2.12)
with
B˜(N,αs) = B(αs) + 2β(αs)
d log C˜(N,αs)
d logαs
+ 2γ(N,αs), (2.13)
where the running coupling renormalization group equation is defined as
β(αs) = −αs
∞∑
k=0
(αs
pi
)k+1
βk. (2.14)
We will be restoring the full flavor dependence for our numerical studies. The treatment of the
exponentiation of the full flavor dependence is explained in detail in Appendix A of [53]. This method
is implemented in the computer code DYqT [70, 71], which we employ in our numerical studies.
3 Combining transverse momentum and threshold resummations
We write the transverse-momentum distribution in joint resummation as [24]
dσ
(res)
F
dQ2T
=
∫ ∞
0
db
b
2
J0(bQT )
∫
CT
dN
2pii
(
Q2
s
)−N+1
W˜Fjoint(b,N,Q), (3.1)
where W˜Fjoint(N, b,Q) has been defined in analogy with the function W˜
F (N, b,Q) that appears in QT
resummation Eq. (2.10)
W˜Fjoint(N, b,Q) = HFjoint(N,Q, αs(µR), Q2/µ2R, Q2/µ2F) f˜a/h1(N,µ2F) f˜a¯/h2(N,µ2F)
× exp{Gjoint(N,αs(µR), b, Q2/µ2R)}. (3.2)
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The aim of this section is to revise in some detail the calculation of the Sudakov exponent Gjoint and
hard factor HFjoint so that Eq. (3.1) is valid at NLL accuracy. The extension to NNLL will be instead
discussed in Section 4.
In order to provide a better understanding concerning the origin of the QT and threshold loga-
rithms, and their overlap, we study the O(αs) correction to the DY process in the eikonal approxi-
mation. We consider the emission of a soft (real) gluon off a quark-antiquark dipole. Because we are
seeking an all-order result, we consider a two-dimensional Fourier transform with respect to the soft
gluon transverse momentum, as well as a Laplace transform with respect to the gluon energy 2. We
work in d = 4− 2 dimensions and employing the MS scheme, we obtain:
GNLOjoint (b,N) = 8piαsCF
(
µ2eγE
4pi
) ∫
d4−2k
(2pi)
3−2 θ(k0)δ
(
k2
)
e−
2k0
Q N−ib·kT p1 · p2
(p1 · k)(p2 · k)
= 8piαsCF
(
µ2eγE
4pi
) ∫
d4−2k
(2pi)
3−2 θ(k0)δ
(
k2
)
e−
k++k−
Q N−ib·kT 2
k2T
, (3.3)
where in the second line we have made use of light-cone coordinates and set |kT|2 = k2T . The integral
over the light-cone components k− and k+ can be easily performed, leading to
GNLOjoint (b,N) = 8piαsCF
(
µ2eγE
4pi
) ∫
d2−2kT
(2pi)
3−2 e
−ib·kT 2
k2T
[
K0
(
2NkT
Q
)
+O
(
k2T
Q2
)]
, (3.4)
where K0 is the modified Bessel function of the second kind of order zero. In order to remove the
infrared divergencies from this real emission contribution, the virtual corrections and the contribution
from the PDFs also need to be included. We obtain
GNLOjoint (b,N) = 8piαsCF
(
µ2eγE
4pi
) ∫
d2−2kT
(2pi)
3−2
2
k2T
[
e−ib·kTK0
(
2NkT
Q
)
− log
(
Q
kT
)
+ log N¯
]
, (3.5)
where the second term is the result of the virtual contribution and can be identified as the integral of
1/(2k+) over k+. The final term is the result of the PDF contribution with N¯ = NeγE . Combining
the logarithms and integrating over the azimuthal angle results in:
GNLOjoint (b,N) = 2
αs
pi
CF
(
µ2eγE
) ∫ Q2
0
dk2T
k2+2T
[(
bkT
2
)
J−(bkT )K0
(
2NkT
Q
)
+
1
Γ(1− ) log
(
N¯kT
Q
)]
,
(3.6)
where Ja is the modified Bessel function of the first kind of order a. The logarithm and the K0 Bessel
function cancel one another in the limit kT → 0, because K0(x) ∼ − log(xeγE/2) and J0 ∼ 1. Due to
this cancellation, the integral is infrared finite and we can evaluate it in → 0 limit:
GNLOjoint (b,N) = 2
αs
pi
CF
∫ Q2
0
dk2T
k2T
[
J0(bkT )K0
(
2NkT
Q
)
+ log
(
N¯kT
Q
)]
. (3.7)
This calculation can be extended to all orders and it leads to the simultaneous resummation of loga-
rithms of N and b, as discussed in detail in Ref. [23]. The resummed exponent at NLL can be written
2Laplace moments with respect to 2k0 ∝ (1−z) are equivalent at leading power to the more familiar Mellin moments
with respect to z, see e.g. Ref. [23].
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in a rather compact form:
GNLLjoint(b,N,Q, µF ) =2
∫ Q2
0
dq2
q2
{
A(αs(q))
[
J0(bq)K0
(
2Nq
Q
)
+ log
(
N¯q
Q
)]}
− 2 log N¯
∫ Q2
µ2F
dq2
q2
A(αs(q)). (3.8)
Note that the first term is essentially the running-coupling generalization of the one-loop computation
in Eq. (3.7), while the second term takes into account the difference between the factorization scale µF
and the hard scale of the process Q. The NLL result above can be further manipulated and rewritten
a way that is similar to both QT and threshold resummation and it is suitable for phenomenological
applications [24]. In particular, we use the fact that up to NNLL accuracy we can replace the Bessel
function J0 with a step function (see Appendix B for details): J0(bq)→ 1−Θ
(
q −Q/b¯) = Θ(Q/b¯− q).
Thus we obtain
GNLLjoint(b,N,Q, µF ) =2
∫ Q2/b¯2
0
dq2
q2
A(αs(q))K0
(
2Nq
Q
)
+ 2
∫ Q2
0
dq2
q2
A(αs(q)) log
(
N¯q
Q
)
− 2 log N¯
∫ Q2
µ2F
dq2
q2
A(αs(q)). (3.9)
Following Refs. [23, 24] we note that the desired logarithmic behavior is capture if the Bessel function
K0(x) is expanded at small values of its argument, provided that the upper bound of the integration
is changed from Q2/b¯2 to Q2/χ2
GNLLjoint(χ,N,Q, µF ) =− 2
∫ Q2/χ2
0
dq2
q2
A(αs(q)) log
(
Nq
Q
)
+ 2
∫ Q2
0
dq2
q2
A(αs(q)) log
(
N¯q
Q
)
− 2 log N¯
∫ Q2
µ2F
dq2
q2
A(αs(q))
= 2
∫ Q2
Q2/χ2
dq2
q2
A(αs(q)) log
(
N¯q
Q
)
− 2 log N¯
∫ Q2
µ2F
dq2
q2
A(αs(q)). (3.10)
The function χ(N¯ , b¯) is defined so that it behaves as b¯ in the large b¯ limit and as N¯ in the large
N¯ limit. Furthermore, if we require χ(N¯ , 0) = N¯ , then the integral over QT results in the inclusive
threshold-resummed cross section. An example of such a function is χ = b¯+ N¯ . For b¯ = 0, χ = N¯ and
Eq. (3.10) reduces to the threshold Sudakov exponential up to NLL accuracy. We can also re-arrange
the contributions in a different way, so that the result resembles more closely the Sudakov exponent
that appears in QT resummation:
GNLLjoint(χ,N,Q, µF ) =−
∫ Q2
Q2/χ2
dq2
q2
[
A(αs(q)) log
(
Q2
q2
)
+B(αs(q))
]
+
∫ Q2/χ2
µ2F
dq2
q2
[−2 log N¯A(αs(q))−B(αs(q))]. (3.11)
The first term can be recognized as the exponential for QT resummation Eq. (2.12), with the replace-
ment b¯ → χ, and the second term is the large N¯ limit of the DGLAP evolution of the PDFs from a
scale Q/χ to µF . However, because the identification of B(i) with the constant part of the DGLAP
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anomalous dimension (i.e. the δ-function contribution to the splitting function) only holds for B(1),
this way of rewriting the joint Sudakov exponent only holds up to NLL accuracy. The extension to
NNLL accuracy will be discussed in the next section. It is worth pointing out a difference in the loga-
rithmic counting between joint and transverse momentum resummation. DGLAP contributions affect
the QT spectrum with single logarithms of QT . However, the flavor-diagonal anomalous dimensions
carry an additional A(αs) log N¯ contribution. Therefore, when computing joint resummation at NkLL
order, parton evolution, or at least its large-N behavior, has to be included up to NkLO order, while
Nk−1LO suffices for QT .
At NLL level the treatment of the hard factor is relatively straightforward because the one-loop
coefficient functions C˜ do not contain logarithms of N , i.e. D(1) = 0. However, we have to make sure
that the threshold-enhanced part of the µF-dependent contribution is exponentiated. We have
GNLLjoint(αs(µR), b,N,Q2/µ2R) =−
∫ Q2
Q2/χ2
dq2
q2
[
A(αs(q)) log
Q2
q2
+ B˜(N,αs(q))
]
+ 2
∫ Q2
µ2F
dq2
q2
γ(N,αs(q)),
(3.12)
which is equivalent to Eq. (3.11) in the large N limit, and the hard factor is simply
HF,NLLjoint (N,Q, αs(µR), Q2/µ2R, Q2/µ2F) = σ(0)aa¯→F
[
1 +
αs(Q)
pi
(
HF,(1) + 2C(1)(N)
)]
. (3.13)
We will see in the next section that in order to achieve NNLL accuracy, the way we treat HF must be
refined.
4 Joint resummation at NNLL
After recalling the main ingredients of joint resummation, we are ready to implement it to NNLL
accuracy. We discuss first the resummed exponent, followed by an analysis of the hard factor.
4.1 Sudakov exponent at NNLL
A few issues must be addressed in order to ensure NNLL accuracy in both N and b. Firstly, the full
PDF evolution now needs to be taken into account at NLO accuracy, together with the large N limit
of the NNLO anomalous dimension. At the central scale the latter is computed as:
∆GDGLAPjoint = −2A(3)thr log N¯
∫ Q2/χ2
µ2F
dq2
q2
(
αs(q)
pi
)3
. (4.1)
A second term that starts to contribute at NNLL accuracy is the soft wide-angle contribution of
threshold resummation, α2sD˜(2) log N¯ . This contribution is not exponentiated in QT resummation
but, it is present in C(2)aa Eq. (2.9), or equivalently in H(2) Eq. (2.11), while it contributes to the
Sudakov exponent of threshold resummation Eq. (2.3)
∆Gwide−anglejoint = −
1
2
∫ Q2
Q2/N¯2
dq2
q2
D˜(αs(q)) (4.2)
Thus, this term contributes to the resummed exponent in joint resummation and it has to be subtracted
from H(2) in order to prevent double counting:
H(2) → H(2) + D˜(2) log N¯ . (4.3)
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A similar method was performed for joint resummation of heavy quark production, where the soft
wide-angle contribution enters at NLL [26]. The last contribution to the exponent that we need to
take into account is the aforementioned difference between A(3)QT and A
(3)
thr.
∆Gcuspjoint = −
∫ Q2/N¯2
Q2/χ2
dq2
q2
(
A
(3)
QT
−A(3)thr
)(αs(q)
pi
)3
log
Q2
q2
, (4.4)
where A(3)QT − A
(3)
thr = −β0D˜(2). In the language of SCET this contribution is known as the collinear
anomaly [62]. It essentially arises because one evaluates both soft and collinear contributions at the
same scale [81]. Note that we have some freedom in choice of the integration boundaries in Eq. (4.4).
We demand that the lower limit approaches Q2/b¯2 in the large b¯ limit, in order to reproduce the QT
case. Moreover, with the above choice this contribution vanishes the inclusive case χ(N¯ , 0) = N¯ .
4.2 Treatment of the hard factor
Thus far we have concentrated on discussing the Sudakov exponent. However, the pre-factors for
QT and threshold resummation, C and H, respectively in Eq. (2.5) and Eq. (2.11), actually differ
already at one-loop level (see Ref. [29] for an all-order discussion). In order to better understand
this difference, it is useful to go back to the one-loop calculation of Section 3. In particular, we can
perform the transverse momentum integral at fixed-coupling in Eq. (3.6), keeping the upper limit of
the integration for the virtual and for the collinear counterterm at Q and taking  → 0, we find (see
also [30])
GNLOjoint (b,N) =
αs
pi
CF
[
2 log2 N¯ + Li2
(
− b¯
2
N¯2
)
+ ζ2
]
. (4.5)
If this is approximated in the threshold limit, i.e. at large N , it approaches
lim
N→∞
GNLOjoint (b,N) =
αs
pi
CF
[
ζ2 + 2 log
2 N¯
]
. (4.6)
If instead this is approximated in the QT -resummation limit, large b, this results in
lim
b→∞
GNLOjoint (b,N) =
αs
pi
CF
[−2 log2 b¯+ 4 log b¯ log N¯]. (4.7)
This reproduces the logarithmic structure of both threshold and QT resummation, however the con-
stant term has a difference of ζ2 = pi2/6, which is indeed the difference between the H and C at
one-loop [24, 29]. In order to account for this difference we add the NLO computation minus the
expansion of the logarithmic exponential at NLO:
∆H(1) = A(1)
[
2 log2 N¯ + Li2
(
− b¯
2
N¯2
)
+ ζ2 + 2 log
2 χ− 4 logχ log N¯
]
= A(1)
[
ζ2 + Li2
(
− b¯
2
N¯2
)
+ 2 log2
(
χ/N¯
)] ' A(1)[ζ2 − Li2( b¯2
χ2
)]
, (4.8)
where the last step is valid up to power-suppressed terms. There is also an analogous term in H(2), the
correct treatment of which would be necessary in order to achieve NNLL′ accuracy in both threshold
and QT . However, in this work we only consider NNLL accuracy for joint resummation and therefore
we do not have to worry about it. For our numerical studies we take this contribution from transverse
resummation and, therefore, we do reach NNLL′ for QT but not for threshold resummation.
Note that the modification ofH(1) not only influences the hard coefficient, but also the exponential.
The N -dependent contribution that we find is naturally a part of Caa and therefore it should be
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computed with the strong coupling αs at the scale Q/χ. If we then express the pre-factor at the hard
scale, we induce a new term in the resummed exponent, see Eq. (2.13), which effectively amounts to
a modification of the coefficient B˜(2) :
B˜(2) → B˜(2) − β0∆H(1). (4.9)
4.3 NNLL joint cross section
We are now ready to put together all the contributions discussed in the previous sections and fi-
nally arrive at an expression for the DY transverse momentum spectrum that simultaneously resums
threshold and QT logarithms to NNLL. We start with the resummed exponent, that reads
GNNLLjoint (αs(µR), b,N,Q2/µ2R) =−
∫ Q2
Q2/χ2
dq2
q2
[
A(αs(q)) log
Q2
q2
+ B˜(N,αs(q))
]
+
∫ Q2
µ2F
dq2
q2
2γ(N,αs(q))− 2A(3)thr log N¯
∫ Q2/χ2
µ2F
dq2
q2
(
αs(q)
pi
)3
− 1
2
∫ Q2
Q2/N¯2
dq2
q2
D˜a(αs(q)) + β0A
(1)
[
ζ2 − Li2
(
b¯2
χ2
)]∫ Q2
Q2/χ2
dq2
q2
(
αs(q)
pi
)2
−
∫ Q2/N¯2
Q2/χ2
dq2
q2
(
A
(3)
QT
−A(3)thr
)(αs(q)
pi
)3
log
Q2
q2
. (4.10)
Note the second line of this expression contains the contribution from DGLAP evolution: the anoma-
lous dimension γ is taken up to NLO order, while its NNLO contribution is considered only in the soft
limit. The above result can be brought to a rather compact form (details are given in Appendix A):
GNNLLjoint (αs(µR), b,N,Q2/µ2R) =−
∫ Q2
Q2/χ2
dq2
q2
[
A(αs(q)) log
Q2
q2
+ B˜(N, b, αs(q)) +
1
2
D˜(αs(q))
]
− 1
2
log
(
N¯2
χ2
)
D˜
(
αs
(
Q
χ
))
+ 2
∫ Q2
µ2F
dq2
q2
γsoft(N,αs(q)), (4.11)
where now A is always the cusp and B˜(N, b, αs) has been put into a form that closely resembles the
analogous coefficient B˜(N,αs) appearing in QT resummation Eq. (2.13):
B˜(N, b, αs) = B(αs) + 2β(αs)
d log C˜(N, b, αs)
d logαs
+ 2γ(N,αs). (4.12)
Note however that the coefficient function C˜ differs in two ways with respect to the one entering
standardQT resummation: first, threshold-enhanced terms are subtracted off and, secondly, it contains
the contribution
F (N, b, αs) =
αs
pi
A(1)
[
ζ2 − Li2
(
b¯2
χ2
)]
+O(α2s), (4.13)
resulting in
C˜(N, b, αs) = C˜(N,αs) +
F (N, b, αs)
2
+
1
2
(αs
pi
)2
D˜(2) log N¯ , (4.14)
where C˜(N,αs) is the same as for QT resummation (see Appendix A for explicit expressions for the
coefficients). In order to achieve NNLL in both variables, the DGLAP anomalous dimension γ needs
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to be evaluated at nNLO accuracy, which is defined as NLO accuracy plus the log N¯ contributions
from the NNLO. On the other hand, γsoft in Eq. (4.11) only contains the threshold-enhanced, while
the residual µF dependence is included at fixed-order. We note that Eq. (4.11) can easily be reduced
to the threshold exponent by setting b¯ = 0, i.e. χ = N¯ . In order to recover the QT -resummation
exponent in the limit χ → b¯ a few algebraic steps are necessary, as detailed in Appendix A. Finally,
the hard factor is given by
HF, NNLLjoint = 1 +
αs
pi
{
HF,(1) +A(1)
[
ζ2 − Li2
(
b¯2
χ2
)]}
+
(αs
pi
)2{
HF,(2) + D˜(2) log N¯
}
. (4.15)
Thus far, only the flavor diagonal contributions have been discussed in the context of joint re-
summation. However, the treatment of the full flavor dependence can be recovered by using the same
method as for QT resummation. The details of this method are described in Appendix A of [53].
These off-diagonal contributions are suppressed in the threshold limit, therefore their inclusion in
joint resummation comes with some freedom: we can can either include them or treat them only in
QT resummation, thus providing two results in joint resummation that differ by power-suppressed
contributions in the threshold limit.
5 Phenomenological studies
Having obtained a joint resummed cross section at NNLL accuracy in both QT and threshold, we can
explore numerical results. In order to analyze the numerical effect of the joint resummation formalism
we make use of a modified version of the DYqT code [70, 71]. We also use DYqT to produce results for
QT resummation only. We choose the CT14 [82] set of parton distributions, which are used at NLO
accuracy for the LO and LO+NLL′ distributions and NNLO accuracy for NLO and NLO+NNLL. As
is the case in [24] we have chosen χ = b¯ + N¯/(1 + η b¯/N¯) with the choice η = 1/4. A more detailed
discussion of the impact from different choices of χ or η can be found in Appendix C. We first explore
the expansion of the resummation and compare it to the fixed order computation. This allows us
to comment on the validity of the approximation. Next, we present the fully resummed result at
LO+NLL′ and NLO+NNLL accuracies.
5.1 Expansion
We start our study by considering the production of a Z boson at the Tevatron, which is the same setup
used in the previous study [24]. In Fig. 1 we show the comparison of the LO QT distribution with the
expansion of the joint and QT resummation differential cross sections using different approximations.
The curve labelled "Joint NLL|LO" corresponds to the expansion of the NLL result of Ref. [24],
which does not include the modification of the hard coefficient. If the additional contribution to the
hard coefficient is included, the lines indicated by "Joint NLL′|LO" are obtained. Our default result
corresponds to perform joint resummation also in the flavor off-diagonal contributions, which are
usually not included in threshold resummation because they are power-suppressed (for recent progress
on all-order understanding of power-suppressed contributions see Ref. [83] and references therein).
This correctly captures the next-to-leading power corrections at O(αs), but provides only partial
information beyond that. Alternatively, one can exclude these contributions from joint resummation,
so that the integral over QT precisely reproduce the inclusive cross section obtained with threshold
resummation, without additional power corrections. We implement this second resummation scheme
by separating the contributions to the B˜ term in Eq. (4.11) in two classes: those that do not vanish
at large N are treated in joint resummation, while power-corrections in the threshold limit are only
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Figure 1. Z boson transverse momentum distribution at the Tevatron with
√
S = 1.8 TeV collision energy.
The different approximations are obtained by expanding the NLL resummation to first order and they are
compared to the LO result. In the panel (a) the ratio to fixed order, 1− dσX
dQT
/ dσLO
dQT
is plotted, while in panel
(b) the fraction in the qq¯ channel, fq =
dσq
dQT
/ dσ
dQT
is shown.
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Figure 2. The same as Fig. 1, but comparing the expansion of the NNLL resummation to NLO accuracy.
integrated over the range [Q2/b¯2, Q2], which is the same as QT resummation. The results of this
second implementation are labeled "Joint (diag) NLL′|LO", because they include only contribution
from the qq¯ initial state. We stress again that these two implementations of joint resummation are
the same up to power corrections in the threshold limit.
In Fig. 1(a) we show 1− dσXdQT /dσLOdQT , where X stands for the different approximations reported in
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Figure 3. Z boson transverse momentum distribution at the LHC with
√
S = 13 TeV collision energy. The
different approximations are obtained by expanding the NLL resummation to first order and they are compared
to the LO result. In the panel (a) the ratio to fixed order, 1 − dσX
dQT
/ dσLO
dQT
is plotted, while in panel (b) the
fraction in the qq¯ channel, fq =
dσq
dQT
/ dσ
dQT
is shown.
the legend. From this plot we can see that the inclusion of additional threshold contribution to the
hard coefficient produces a better agreement to the fixed order computation up to scales of at least 50
GeV. Moreover, while the "Joint (diag)" does not perform as well as our default implementation, it
does better than just the expansion of QT resummation. In Fig. 1(b) we concentrate on the partonic
subprocess that we have under theoretical control, namely qq¯. We plot the fraction of the cross section
that can be attributed to the qq¯ initial state channel: fq =
dσq
dQT
/ dσdQT . As we move to larger values of
QT the contribution from the other partonic channels become more significant and since these terms
are not correctly approximated in the "Joint (diag)" method this results in a deviation from the total
fixed order differential cross section. Here it can also be seen that the QT expansion is worse in this
individual channel, however a cancellation makes it work somewhat better for the sum of all channels.
On the other hand, our default implementation for joint resummation does include power-suppressed
contributions both in the qq¯ and in the off-diagonal channels, which renders this type of cancellation
more moderate. In Fig. 2 a similar comparison can be seen at NLO accuracy in the QT distribution.
The conclusions are the same as for LO accuracy and joint resummation works just as well with the
extension to NNLL accuracy as at NLL′ accuracy.
We continue our study by considering Z production the LHC at 13 TeV center-of-mass energy.
Unfortunately, in this setup our findings are on less solid ground than what was obtained at Tevatron
energies. The results plotted in Fig. 3(a) prevent us to claim that the expansion of joint resummation
provides an improved approximation of the fixed order over QT resummation alone. This is perhaps
surprising because if we look only at the qq¯ channel, as in Fig. 3(b) we are drawn to the opposite, rather
positive, conclusion. However, the same plot shows us that the importance of qq¯ channel relatively to
other partonic subprocesses is decreased. Moreover, power-corrections to the threshold expansion are
rather important as indicated by the spread of our default and flavor-diagonal results. This should
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Figure 4. The same as Fig. 3, but comparing the expansion of the NNLL resummation to NLO accuracy.
not come as a surprise as we move further away from the threshold for Z production. Fig. 4 shows
that the conclusions remain similar at the next perturbative order.
In order to analyze a process closer to threshold we study Z ′ production. A mass MZ′ = 3 TeV is
used and the other parameters are kept the same as for Z-boson production. In order to improve the fit
of the PDFs in Mellin space at these scales, the same implementation as in the code Resummino [28]
was used. As can be seen from Fig. 5(a) all three expansions provide a good approximation of the
fixed order. The size of threshold effects which are not already captured by the QT formalism is
rather small at central scale. In addition, it can be noted that the two different methods of joint
resummation now agree. The reason for this can be seen in Fig. 5(b). For Z ′ production with a high
enough mass the dominant channel is the qq¯ and therefore the difference between the two methods
of joint resummation will be small. Finally the Z ′ QT -distribution at NLO accuracy can be seen in
Fig. 6. Fig. 6(a) shows that the expansion is slightly worse for joint resummation when compared to
QT resummation, however this difference is around the 1% level. The qq¯ fraction, as seen in Figure 6,
is slightly better for joint resummation.
5.2 Resummation
Having explored the regime of validity of the expansion, we now focus our attention on the effect of
joint resummation on the transverse momentum distribution and its theoretical uncertainties.
We begin by showing resummed results in the Tevatron setup. In Fig. 7 the transverse momen-
tum distribution is shown in fixed-order perturbation theory and resummed perturbation theory. In
particular, the plot in Fig. 7(a) shows LO (dotted) and LO+NLL′ for joint (solid), joint diagonal
(dotted-dashed) and QT resummation. Uncertainty bands are provided for QT resummation and
joint resummation and they are determined by independently varying the factorization and renor-
malization scale by a factor 2 using the 7-point method. The bottom panel shows the ratio of the
joint-resummation result to standard QT resummation at the central scale. Joint resummation causes
a small increase in the peak region, followed by a decrease for larger values of QT and finally an increase
in the tail. In the low QT region the two methods of joint resummation agree and for increasing QT
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Figure 5. Z′ boson transverse momentum distribution (MZ′ = 3 TeV) at the LHC with
√
S = 13 TeV
collision energy. The different approximations are obtained by expanding the NLL resummation to first order
and they are compared to the LO result. In the panel (a) the ratio to fixed order, 1 − dσX
dQT
/ dσLO
dQT
is plotted,
while in panel (b) the fraction in the qq¯ channel, fq =
dσq
dQT
/ dσ
dQT
is shown.
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Figure 6. The same as Fig. 5, but comparing the expansion of the NNLL resummation to NLO accuracy.
values the difference becomes larger. This shows that it is important to have a correct representation
of the power corrections in order to have good control at larger values of QT . We note that, with
the exception of the region roughly between 15 and 30 GeV, joint resummation does reduce the un-
certainty. We believe that scale variation in QT resummation underestimates the uncertainty because
the curves for different scales have a pinch point in this region, while the pinch for joint resummation
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Figure 7. The Z-boson transverse momentum distribution at
√
S = 1.8 TeV Tevatron collision energy. Fixed-
order and resummed and matched results are compared at different perturbative accuracies. The uncertainty
bands are computed by independently varying the factorization and renormalization scales with the 7-point
method. The lower panel shows the ratio with respect to the central value of QT resummation.
is less pronounced and it appears at lower transverse momentum, in the QT ∼ 5 GeV region where
QT resummation is dominant.
Next the we consider theQT spectrum one order higher in perturbation theory. In Fig. 7(b) we plot
NLO (dotted), NLO+NNLL for joint (solid) and joint diagonal (dotted-dashed), and NLO+NNLL′
for QT resummation. As expected, joint resummation further reduces the scale uncertainty. In
addition the difference between the two methods of joint is smaller at this accuracy, albeit outside the
uncertainty band. The behavior now also changes in comparison to LO+NLL′ accuracy. In the low
QT region, joint resummation agrees with QT resummation, while there is still an increase in the tail
region. We believe this to be an indication that QT resummation alone, if considered at high-enough
orders, does capture most of the threshold effects.
We have already seen that the expansion of joint resummation does not approximate fixed order
any better than QT resummation in the case of Z production at the LHC. However, it is still interesting
to look at the behavior the resummed cross section would have. This result is presented in Fig. 8.
We note that the behavior of joint resummation at LO+NLL′ with respect to QT resummation is
comparable to the lower-energy (Tevatron) case. However, we do notice a significant difference between
the two methods of joint resummation, which indicates a strong dependence on the power corrections.
This difference becomes smaller at NLO+NNLL accuracy, but it is still significant.
Finally, in Fig. 9, we show resummed results for Z ′ production . At LO+NLL′ accuracy, shown in
(a), an increase can be seen for the low values of QT . The two different methods for joint resummation
do agree with each another. In addition, a significant reduction of the scale dependence can be
observed. At NLO+NNLL accuracy, shown in (b), joint resummation and QT resummation provide
very similar result but we do notice a further decrease in the scale uncertainty.
– 16 –
0.0
50.0
100.0
150.0
200.0
dσ
dQT
(pp→ Z +X)[pb/GeV]√
S = 13 TeV
0.80
1.00
1.20
1.40
0 20 40 60 80 100
σX/σQT
Joint LO+NLL′
Joint (diag) LO+NLL′
QT LO+NLL′
LO
QT [GeV]
0.0
50.0
100.0
150.0
200.0
dσ
dQT
(pp→ Z +X)[pb/GeV]√
S = 13 TeV
0.80
1.00
1.20
1.40
0 20 40 60 80 100
σX/σQT
Joint NLO+NNLL
Joint (diag) NLO+NNLL
QT NLO+NNLL′
NLO
QT [GeV]
(a) (b)
Figure 8. The same as Figure 7, for the LHC at
√
S = 13 TeV.
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Figure 9. The same as Figure 8, but for Z′ production with MZ′ = 3 TeV.
6 Conclusions
In this paper we have considered the transverse momentum distribution of an electro-weak vector
boson in joint resummation. This formalism, which was first developed in Refs. [22, 23] allows for the
simultaneous resummation of logarithmic contributions that are enhanced at small QT and those that
are enhanced at threshold. While phenomenological applications of this formalism existed at NLL [24–
26], to our knowledge, no analysis was performed beyond this logarithmic accuracy. In this paper,
we have derived and implemented joint resummation at NNLL. In particular, we have considered
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the production of a Z boson via the DY mechanism at the Tevatron and at the LHC, as well as of
a heavier Z ′ at the LHC. By comparing fixed-order results with their approximations obtained by
expanding the joint-resummed result in powers of the strong coupling, we have performed a detailed
study of the regime of validity for our implementation. We have found that its use is fully justified
for Z production at the Tevatron, while at the LHC the situation is much less clear, because there are
significant contributions from power-corrections to the threshold limit. For instance, the qq¯ channel is
not the dominant channel away from the small QT limit. On the other hand, the formalism works well
if the production of heavier particles, such as a hypothetical Z ′ with a mass of 3 TeV, is considered.
When looking at all-order results, we have found that joint resummation at NLL′ gives noticeable
corrections when compared to standard QT resummation at the same accuracy. However, differences
between the two are much smaller when both resummations are upgraded to NNLL. Nevertheless,
NNLL joint resummation leads to a further decrease of the scale dependence.
We see several possible directions for future developments of this work. The first one, more
theoretical, consists of revisiting the original derivation of Ref. [23] in order to better understand the
role of power corrections to the threshold limit with the aim of including them in phenomenological
studies. This will put the joint resummation of Standard Model processes at LHC energies on a firmer
ground. Moreover, it would be interesting to quantitatively compare the approach presented in this
work to the threshold resummation of the QT spectrum, as done for instance in Refs. [84–86]. A
special, and particularly interesting, case is given by Higgs production in gluon gluon fusion, in which
power-suppressed contributions at threshold are known to play a less important role than in DY. In
this context, we plan to explore the possibility of combining these results with other kinds of joint
resummation, such as the simultaneous resummation of small- and large-x [87] contributions, as well
the joint resummation of small-x and QT logarithms, recently proposed in Ref. [88]. Furthermore, one
could also concentrate on Beyond the Standard Model processes. For instance, one could imagine to
apply our results to the production of supersymmetric particles and therefore upgrade the accuracy
of the computer code Resummino [28] to NNLL.
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A Resummation coefficients
In this section we list the coefficients that enters our joint resummation formula Eq. (4.11), focusing
on the flavor-diagonal qq¯ contributions. We start with the first three coefficient of the cusp
A(1) = CF , (A.1)
A(2) =
1
2
CF
[
CA
(
67
18
− pi
2
6
)
− 5
9
nf
]
, (A.2)
A(3) =
1
4
CF
[
C2A
(
245
24
− 67pi
2
54
+
11
6
ζ3 +
11pi4
180
)
+ CFnf
(
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+ 2ζ3
)
+CAnf
(
−209
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)
− n
2
f
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]
. (A.3)
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The soft-wide angle contribution is given by:
D˜(1) = 0 , (A.4)
D˜(2) = CF
[
CA
(
−101
27
+
7
2
ζ3
)
+
14
27
nf
]
. (A.5)
Note that A(3)thr = A
(3), and A(3)QT = A
(3)
thr − β0D˜(2). Furthermore, we can write
B˜(N, b, αs) =
∞∑
k=1
(αs
pi
)k
B(k)(N, b), (A.6)
with
B˜(1)(N, b) = −3
2
CF + 2γ
(0)(N) = CF
(
1
N(N + 1)
− 2(ψ(N + 1) + γE)
)
, (A.7)
B˜(2)(N, b) = CF
[
CF
(
pi2
4
− 3
16
− 3ζ3
)
+ CA
(
−11pi
2
72
− 17
48
+
3
2
ζ3
)
+ nf
(
1
24
+
pi2
24
)]
+ 2γ(1)(N)− β0CF
[
ζ2 − Li2
(
b¯2
χ2
)]
− 2β0 CF
N(N + 1)
, (A.8)
where γ(0)(N) and γ(1)(N) are the one- and two-loop qq DGLAP anomalous dimension, respectively.
Note that, in the threshold limit N →∞, the above coefficients reduce to
B˜(1) = −2A(1) log N¯ +O(1/N), (A.9)
B˜(2) = −2A(2) log N¯ +O(1/N), (A.10)
with no constant contribution, as expected. Next, we move to the one-loop hard coefficient in joint
resummation:
HF,(1)joint (N, b, µF) = CF
(
3ζ2 − 4 + 1
N(N + 1)
)
+ CF
[
ζ2 − Li2
(
b¯2
χ2
)]
+ 2
(
γ(0)qq (N) + CF log N¯
)
log
(
Q2
µ2F
)
. (A.11)
Note that the additional log N¯ in Eq. (A.11) subtracts off the large-N behavior of the anomalous dimen-
sions, which is resummed in the exponent. In the large-N limit we recover C(1) = CF [4ζ2 − 4], while
at large b we obtain the standard QT -resummation result HF,(1)(N) = CF [3ζ2 − 4 + 1/(N(N + 1))],
which are both given at µF = Q. Finally, at NNLL, the two-loop hard coefficient is the same as for
QT resummation and will not be listed here.
Next, we detail the necessary steps to derive Eq. (4.11) from Eq. (4.10). The main focus will be
rewriting the term that contributes to the difference in A(3)QT and A
(3)
thr. For this we look at the sum of
the wide-angle and cusp contributions:
∆Gcuspjoint + ∆Gwide−anglejoint =
∫ Q2/N¯2
Q2/χ2
dq2
q2
β0D˜
(2)
(
αs(q)
pi
)3
log
Q2
q2
− 1
2
∫ Q2
Q2/N¯2
dq2
q2
D˜(αs(q)) (A.12)
= −1
2
∫ Q2/N¯2
Q2/χ2
dq2
q2
β(αs(q))
∂D˜(αs(q))
∂αs
log
Q2
q2
− 1
2
∫ Q2
Q2/N¯2
dq2
q2
D˜(αs(q)),
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where the second line in the above equation holds up to NNLL accuracy. We rewrite Eq. (A.12) as
∆Gcuspjoint + ∆Gwide−anglejoint = −
1
2
∫ Q2/N¯2
Q2/χ2
dq2
q2
∫ Q2
q2
dk2
k2
β(αs(q))
∂D˜(αs(q))
∂αs
− 1
2
∫ Q2
Q2/N¯2
dq2
q2
D˜(αs(q))
= −1
2
∫ Q2/N¯2
Q2/χ2
dk2
k2
∫ k2
Q2/χ2
dq2
q2
β(αs(q))
∂D˜(αs(q))
∂αs
− 1
2
∫ Q2
Q2/N¯2
dq2
q2
D˜(αs(q))
− 1
2
∫ Q2
Q2/N¯2
dk2
k2
∫ Q2/N¯2
Q2/χ2
dq2
q2
β(αs(q))
∂D˜(αs(q))
∂αs
. (A.13)
Furthermore, using the identity∫ q21
q22
dq2
q2
β(αs(q))
∂D˜(αs(q))
∂αs
= D˜(αs(q1))− D˜(αs(q2)), (A.14)
we obtain
∆Gcuspjoint + ∆Gwide−anglejoint = −
1
2
∫ Q2/N¯2
Q2/χ2
dk2
k2
(
D˜(αs(k))− D˜(αs(Q/χ))
)
− 1
2
∫ Q2
Q2/N¯2
dq2
q2
D˜(αs(q))
− 1
2
∫ Q2
Q2/N¯2
dk2
k2
(
D˜(αs(Q/N¯))− D˜(αs(Q/χ))
)
= −1
2
∫ Q2
Q2/χ2
dq2
q2
D˜(αs(q))− 1
2
(
D˜(αs(Q/N¯)) log N¯
2 − D˜(αs(Q/χ)) logχ2
)
= −1
2
∫ Q2
Q2/χ2
dq2
q2
D˜(αs(q))− 1
2
D˜(αs(Q/χ)) log
N¯2
χ2
, (A.15)
where the difference in scales in the final step is beyond NNLL accuracy in both QT and threshold
resummation. Finally, we verify that in the threshold limit Eq. (4.11) reduces to
GNNLLjoint (αs(µR), b = 0, N,Q2/µ2R) =−
∫ Q2
Q2/N¯2
dq2
q2
[
A(αs(q)) log
Q2
q2
+ B˜(N, b = 0, αs(q)) +
1
2
D˜(αs(q))
]
+ 2
∫ Q2
µ2F
dq2
q2
γsoft(N,αs(q))
=−
∫ Q2
Q2/N¯2
dq2
q2
[
A(αs(q)) log
Q2
q2
− 2A(αs(q)) log N¯ + 1
2
D˜(αs(q))
]
+ 2
∫ Q2
µ2F
dq2
q2
γsoft(N,αs(q)) +O(1/N), (A.16)
which agrees with Eq. (2.3). For the QT resummation limit it is easier to look at the exponent before
rewriting the difference between the A(3) contributions. This expression in the limit χ→ b¯ results in:
GNNLLjoint (αs(µR), b,N,Q2/µ2R) =
χ→b¯
−
∫ Q2
Q2/b¯2
dq2
q2
[
AQT (αs(q)) log
Q2
q2
+ B˜(b, αs(q))
]
+
1
2
∫ Q2
Q2/N¯2
dq2
q2
β(αs(q))
∂D˜(αs(q))
∂αs
log
Q2
q2
+ 2
∫ Q2
µ2F
dq2
q2
γsoft(N,αs(q)).
This contribution agrees with Eq. (2.12) up to the additional exponentiation of constant terms.
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B Approximation of Fourier transform for logarithms
In order to simplify the Fourier transform we will approximate the Bessel function J0. We follow the
approach of Appendix A of [36] with the necessary changes in order to address the specific case of QT
resummation. We are interested in evaluating integrals of the form
In(b) ≡
∫ 1
0
dx
x
(
1− J0
(
b˜x
))
logn x, (B.1)
where x is a dimensionless version of kT (x = kT /Q) and b˜ is a dimensionless version of b (b˜ = Qb).
In order to perform the integral we use a generating function:
logn x = lim
→0
(
∂
∂
)n
x, (B.2)
which leads to
In(b) = lim
→0
(
∂
∂
)n{
1

[
1− 1F2
(

2
; 1, 1 +

2
;− b˜
2
4
)]}
= lim
→0
(
∂
∂
)n{
1

[
1−
(
2
b˜
)Γ(1 + 2)
Γ
(
1− 2
) +O(1
b˜
)]}
, (B.3)
where we have approximated in the large b˜ limit. This can be rewritten as
In(b) = lim
→0
(
∂
∂
)n{
1

[
1− exp
[
−
(
log
(
b˜/2
)
+ γE
)
+
∞∑
n=1
ζ2n+1
2n+1
22n(2n+ 1)
]
+O
(
1
b˜
)]}
, (B.4)
with the Riemann zeta function ζi. Now a function Ψ can be defined as
e− log b¯ exp
[ ∞∑
n=1
ζ2n+1
2n+1
22n(2n+ 1)
]
= Ψ
(
1− ∂
∂ log b¯
)
e− log b¯, (B.5)
with b¯ = b˜eγE/2 = bQeγE/2 and
Ψ(1 + ) ≡ exp
[ ∞∑
n=1
ζ2n+1
2n+1
22n(2n+ 1)
]
, (B.6)
By taking the nth order derivative with respect to  after filling it back into equation (B.4) we obtain:
In(b) = Ψ
(
1− ∂
∂ log b¯
)(− log b¯)n+1
n+ 1
+O
(
1
b
)
. (B.7)
Finally by noting that
(− log b)n+1
n+ 1
= −
∫ 1
1/b
dx
logn x
x
, (B.8)
we can approximate
1− J0(bkT ) = Ψ
(
1− ∂
∂ log b¯
)
Θ
(
kT −Q/b¯
)
+O
(
1
b
)
, (B.9)
The Riemann zeta functions from Ψ only start contributing at N3LL order, because the series in  in
equation (B.6) only starts at 3. Therefore at NNLL accuracy we can use the approximation:
1− J0(bkT ) ≈ Θ
(
kT −Q/b¯
)
. (B.10)
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C The joint resummation function χ
There are two main points to take into account when choosing the function χ. Firstly the choice of χ
influences the power suppressed terms that result from the expansion of log(χ). This can be seen by
expanding this logarithm in either the large b¯ or large N¯ limit. For example we can look at the choice
χ = b¯+ N¯ :
log(χ) =
b¯→∞
log(b¯) +
N¯
b¯
− N¯
2
2b¯2
+O(b¯−3), (C.1)
log(χ) =
N¯→∞
log(N¯) +
b¯
N¯
− b¯
2
2N¯2
+O(N¯−3). (C.2)
(C.3)
This introduces b¯−1 power corrections in QT resummation, which are not present in fixed-order calcu-
lation. Note that the power suppressed terms in threshold resummation are not as important, because
they will not contribute if QT is integrated over. Alternatively χ = b¯ + N¯
2
N¯+b¯η
can be defined [25]. In
this case the power suppressed contribution in the QT resummation limit starts at b¯−2:
log(χ) =
b¯→∞
log(b¯) +
N¯2
ηb¯2
+O(b¯−3), (C.4)
log(χ) =
N¯→∞
log(N¯) +
b¯
N¯
(1− η)− b¯
2
2N¯2
(1− 2η − η2) +O(N¯−3). (C.5)
Because of the behavior of the power corrections, this is the preferred choice of χ.
The second feature that differs between between possible choices of χ is the choice of the contour
to be used to compute the Fourier and Mellin inverse transformation. Particular attention must be
paid to the singularity structure of the integrand. Unlike for separate threshold and QT resummation,
in joint resummation the Mellin space variable, N , and the Fourier space variable, b, are connected
through one function χ. The singularities are points in the χ-plane, therefore in the b-plane these are
lines, which depend on the choice for the function χ. The potential singularities are at the values 0,∞
and the Landau pole ρL = exp[1/(2b0αs)] for χ. If the Fourier and Mellin variables are parameterized
as:
b = xbe
±Iφb ,
N = c+ xNe
±IφN (C.6)
we can relate the choice of angles of the different variables to one another.
First we can look at the simplest choice: χ = b¯ + N¯ . Here the solutions for the singularities are
straight lines in the complex plain and are listed in Table 1. In order to avoid these lines the angle φb
should be chosen so that the b-contour line is parallel to −N¯ , as can be seen in Fig, 10(a). This leads
to the requirement φb = pi−φN . The next possible function is χ = b¯+ N¯2N¯+b¯η . The choice of η that leads
to the simplest solutions for the singularities is η = 1/4. In this case the solution to χ = 0 still has a
linear dependence on N . In this case χ = ∞ is also a possible solution for b 6= ∞. All the equations
for the solutions of the singularities for η = 1/4 are also listed in Table 1. Since the χ = 0 is also
proportional to −N¯ the same requirement φb = pi−φN applies. The solutions for the singularities can
be seen in Fig. 10(b). If the function is generalized to any value of η, the solution for χ = 0 is no longer
linear. The angle φN can not be chosen freely and is restricted by pi/2 < φN < pi − arctan
(√
4η − 1)
[25]. The lower boundary is a usual restriction, however the upper limit is an additional restriction.
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χ b¯+ N¯ b¯+ N¯
2
N¯+b¯/4
0 b¯ = −N¯ b¯ = −2N¯
∞ X b¯ = −4N¯
ρL b¯ = ρL − N¯ b¯ =
(
−4N¯ + ρL ±
√
ρL
(
8N¯ + ρL
))
/2
Table 1. Different solutions of the equations for the singularities for some examples of the function χ.
The upper limit is a requirement in order to prevent the two lines for χ = 0 to intersect in positive
real part of the plain as can be seen in Fig. 10(c). In order for the b line to remain parallel to this line
the angle needs to be chosen as φb = pi − arctan
(√
4η − 1)− φN .
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